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COMPARATIVE ANALYSIS OF TURBULENCE MODELS

E. P. Sukhovich UDC 5325174

A comparative analysis is performed for a complete locally anisotropic turbulence model of the second
order and existing turbulence models. The comparison draws on experimental data, data of a direct
numerical simulation of the nonstationary Navier—Stokes equations for a developed channel flow and a
uniform channel flow with a constant velocity shift, and results for turbulence damping behind a grid.
The K-¢ model and the quasi-isotropic turbulence mode! are shown to have marked disadvantages,
especially in describing turbulent flows with a high degree of anisotropy of pulsatorv motion. Use of a
locally anisotropic turbulence model improves the accuracy of determining Revnolds stresses. Consid-
eration is given to the advantages and disadvantages of the turbulence models discussed.

Introduction. Applied problems of hydrodynamics and heat and mass transfer in turbulent fluid flows
must be solved using one or another turbulence model. A great many works have now been published that
describe turbulence models of different degrees of complexity. The K-¢ turbulence model is the most popular.
However, in many cases use of the K—& model for describing intricate turbulent flows does not produce results
that agree with experimental data. Therefore, it is reasonable to employ a more complex turbulence model for
Reynolds stresses that takes account of the anisotropy of the latter. Comparison of numerical results with reli-
able experimental data has revealed that the turbulence models for Reynolds stresses that have been developed
to date describe the dissipation process and the process of energy redistribution between the components of the
Reynolds stresses as a result of pressure pulsations with insufficient accuracy. In recent years, turbulence mod-
els have been actively worked out that take into account not only the anisotropy of the Reynolds stresses but
also the anisotropy of the dissipation processes.

The current work aims at analyzing the accuracy and ranges of applicability of the above turbulence
models. Consideration is given to some existing turbulence models and a complete turbulence model of the
second order obtained in {8-10}. A comparison is made using experimental data for a uniform channe! flow
with a constant velocity shift and data for turbulence damping behind a grid. Below, a brief description of the
principal turbulence models discussed in the work is given.

K—€ Model. The published literature has offered a great number of various versions of the K—& model.
A review of works published before 1984 is presented in [1]. The basic equations of the model have the form
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The various versions of the model differ in the form of the empirical wall functions f, fi, >, E, and D. A table
that provides corresponding relations for these functions proposed in published works is given in [2]. It should
be noted that the introduction of such a large number of wall functions indicates serious shortcomings of the
model that make it impossible to calculate boundary-layer flows at the wall with an acceptable degree of ac-
curacy. An analysis [3] demonstrated that the K-& model can be derived from a more complex model for
Reynolds stresses under the following assumptions: small-scale motions are isotropic, velocity gradients are
small, and equilibrium between the generation of turbulent energy and the dissipation rate is maintained in the
flow. Furthermore, the model is valid only for plane flows with a simple velocity shitt. The above constraints
narrow the range of applicability of the considered model so much that it is difficult in practice to find a flow
for which the K—& model can be used. However, the latter is employed in many works for calculating stratified,
swirling, and other intricate flows. As a rule, in these cases, in order that calculated results agree with experi-
mental data, various empirical functions are introduced that do not have sufficient physical substantiation.

Quasi-isotropic Turbulence Model for Reynolds Stresses. Among contemporary turbulence models,
turbulence models of the second order are widely popular. A way to construct them was proposed in the early
70s in [4]. The essence of this approach lies in the fact that the Reynolds stresses should be determined from
an exact equation for second single-point moments. Results of the latest investigations are published in [5]. The
basic equations of the model have the form
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The coefticients C¢j, Cer, and C¢ are taken to be the same as in (5).
In [6, 7], the advantages and disadvantages of the model considered were analyzed. It was found that
it permits prediction of a series of effects that cannot be described by turbulence models that use the notion of
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the coefficient of turbulent viscosity. Yet, there are a number of numerical calculations that describe experi-
mental data inadequately. According to current views, the following reasons are behind the disadvantages of
the model:

1. In some cases, approximation (9) describes the energy redistribution in terms of the pressure pulsa-
tions erroneously. Simple addition of a few more empirical coefficients to the existing relation for ®;; cannot
lead to a positive result. A qualitative improvement of the description of the redistribution process requires
fundamentally novel approaches to the closing methodology.

2. The assumption of isotropy of the dissipation processes is not supported by existing experimental
data or data of direct numerical simulation. Therefore, the relation for €; in (8) should be recognized as inade-
quate. Determination of g; from the corresponding differential equation seems more promising.

3. The most serious drawback of the turbulence model is errors linked with an incorrect description of
the dissipation process. It should be noted that Eq. (7) for the dissipation rate is based on intuitive notions. A
proper description of the dissipation process requires modeling of the exact equation for the dissipation rate.

Locally Anisotropic Turbulence Model of the Second Order. The exact equations for second single-
point moments have the form
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Within the framework of the complete turbulence model of the second order, the term P;; is expressed
in terms of the known correlation R;;, and the tensor of the dissipation rate €;; is determined from Eq. (13). The
terms ®;; and Dj; contain higher-order correlations and, as a consequence, must be expressed in terms of known
correlations. The exact equation for the tensor of the dissipation rate involves five generation terms: Fig);,
Penyij Penij» Pienij and Pieqy and Tl is a correlation that determines the redistribution of the dissipation
rate €; in terms of the pressure pulsations, Y(); is a correlation that determines the viscous breakdown of
small-scale vortices, Tigy; is the turbulent ditfusion of € and Dyey;; is the viscous diffusion of g;. In Eq. (13),
the terms F(g);j, Peryj» and Dyg);; are expressed in terms of known correlations and therefore do not need to be
modeled. The remaining terms of Eq. (13) contain higher-order correlations, for which appropriate approxima-
tions must be found.

In [8-10], a modeling technique was proposed that is based on data of a direct numerical simulation
(DNS) of the nonstationary Navier—Stokes equations for a developed channel flow. As the initial approxima-
tions for the unknown correlations use is made of relations obtained previously by the method of invariant
modeling. As a result of the modeling, the type of approximations for the unknown correlations was ascer-
tained and the empirical coefficients that enter these approximations were found.

The approximation for the correlation that describes the turbulent-energy redistribution between the
components R;; has the form

D;j =D+ Py + Py s (14)

where ®(;); depends only on the interaction of the velocity pulsations and reflects the tendency of the field of
velocity pulsations toward an isotropic state. In [8], the term ®;y; was modeled, which resulted in the approxi-
mation
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The term @,); depends on the interaction of the average velocity shift with the velocity pulsations. An
approximation for this correlation was obtained in [9]:
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The term @3; takes into account the wall effect. The DNS data unambiguously demonstrated that the
approximation ®3y;/€ is negligible in the entire flow region up to layers in the immediate vicinity of the wall.
As a consequence, in [9] it was recommended to set

By, =0. (18)

For the diffusion term D;; we use the approximation written in (8). Approximations for the unknown
correlations that enter Eq. (13) can be written as [10]
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where a; = 1.75, ay = 3.4, a3 = —0.29, a4 = 3.6, by = 135, by = 3, b3 = .06, by = 5.6, and C; = 0.15. The
remaining coefficients of approximations (20)-(23) are unknown at present.

Equations (12)-(24) represent a complete locally anisotropic turbulence model of the second order. Ap-
proximations (14)-(18) for the correlation ®;; are new. A comparison of calculations with results of direct nu-
merical simulation on the nonstationary Navier—Stokes equations that are presented in [8, 9] revealed that the
approximations discussed describe the DNS data much more accurately than relation (9). Equations for the tur-
bulent kinetic energy and the dissipation rate are obtained by convolution of Egs. (12) and (13) in the indices
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where Cg) = 1.4, Cep = 2Fp, Cez = 1.4, Cgq = 022, and C¢ = 0.15.
The terms on the right-hand sides of Eqgs. (25) and (26) can be obtained by convolution of the corre-
sponding terms of Eqgs. (12} and (13):
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Uniform Flow with a Constant Velocity Shift. To obtain data needed for modeling turbulence, S.
Corrsin and colleagues conducted a special series of experiments for channel flow with a constant velocity shift
[11-13]. A review of works on investigating uniform flows over the last 40 years is presented in [14]. All
components of the tensor of Reynolds stresses, the turbulent kinetic energy, the dissipation rate, pulsation spec-
tra, two-point correlations, and some other parameters were measured in the experiments. The experiments
were carried out for different velocity gradients. Results of the investigations were checked more than once,
and their reliability raises no doubts. In view of the foregoing, we use these data for testing the turbulence
models considered in the present work. To this end, we apply Eq. (25) and write Egs. (12) and (26) in the
form
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In [15] it was shown that, for the experiments presented in [11-13], the convection and diffusion terms
in Eq. (27) can be disregarded, i.e.,

K Db

EDI"() D,
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It follows from [10}] that, for a uniform flow, the terms Pgs, Dy, I, and F on the right-hand side of Eq. (28)
are much smaller than the remaining terms of the equation. With allowance for these evaluations, Eqs. (27) and
(28) assume the following simple form:
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To determine the Reynolds stresses, we write Eq. (29) in a Cartesian coordinate system as
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Fig. 1. Comparison of calculated results for components by, b, and b,
of the tensor of Reynolds stresses with data for a uniform flow: 1) calcu-
lation by Eqs. (31)-(33); 2) calculation by the equations of [5]; 3) K-¢
model; 4) experimental data of [12]; 5) data of [13}; 6) data of [14]; 7)
DNS data of [19]; 8) DNS data of [20].
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Within the framework of the complete turbulence model of the second order, the tensor of anisotropy
of the dissipation rate d,-j must be obtained from the solution of Eq. (13). However, at present this relation
cannot be used, since some coefficients of the approximations that model its correlations have not been found
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Fig. 2. Rate of variation of ¢ for a uniform flow: 1) calculation by Egs.
(30)-(33); 2) calculation by Egs. (7)-(11); 3) experimental data of [17]; 4)
data of [18].

as yet. In this connection, dj; is determined using results of a numerical solution of the nonstationary
Navier—Stokes equations for a uniform flow [16], according to which d;; = 0.85h;;.

Thus, all quantities that enter Egs. (31)-(33) have been obtained. Expressions (31)-(33) represent a non-
linear system of algebraic equations that cannot be solved in explicit form. Its analysis shows that the compo-
nents of the tensor of Reynolds stresses are determined by a single dimensionless parameter X, that can be
regarded as a local similarity parameter for a uniform channel flow with a constant velocity gradient. This
system can be solved numerically. Figure 1 shows calculated results. The points in the figures represent meas-
urement results and data of a direct numerical simulation of a uniform channel flow with a constant velocity
gradient. The same figures show results calculated using the K—e model, the quasi-isotropic turbulence model
that is represented by relations (6)-(11), and the locally anisotropic model. It is seen from the figure that the
K-¢ turbulence model describes both the normal components of the tensor of anisotropy of the Reynolds
stresses and the tangential component of this tensor inadequately. It should be noted that, in the uniform tlow
considered, the wall has no effect on the flow. Therefore, the large error in determining b,, using the K—¢
model, especially for large values of the normalized velocity gradient X, directly indicates substantial disad-
vantages of this model. Use of the quasi-isotropic turbulence model for calculations also leads to large errors
in determining b,,. Attention is called to the fact that the latter model has a number of modifications:

a) a complete model that presumes a solution of Egs. (6)-(11),

b) an algebraic modification of the model that uses the Rodi hypothesis [5],

¢) the same that uses a special regularization procedure [5].

In Fig. 1, the dashed lines show curves obtained by solving the complete system of equations (6)-(11).

To assess the accuracy of describing the dynamics of the variation in the dissipation rate of the turbu-
lent kinetic energy, Fig. 2 plots ;{%g—f vs. the normalized velocity gradient X;. The points for X; = 0 indicate
experimental data for turbulence damping behind a grid, published in [17], and data obtained in [18] for a

. . De . .
uniform shear channel tflow. The curves are results of calculating -525 by Eqs. (7) and (30). It is seen from

the figure that the two models for the dissipation rate are in favorable agreement with the experimental data.
At the same time, the initial equations of the models considered are quite dissimiliar. Let us examine this situ-
ation in more detail. Equation (7) was modeled using experimental data for uniform turbulence. Therefore, Eq.
(7) is in favorable agreement with them (see Fig. 2). In [10], results are presented trom which it follows that
the equation considered describes the data for a developed channel flow inadequately. Thus, the conclusion can
be drawn that model equation (7) for the dissipation rate has serious disadvantages. Unlike Eq. (7), in [10] the
equation for the dissipation rate was modeled on the basis of DNS data for a developed channel flow. Relation
(30) thus obtained describes fairly accurately not only the data for a developed channel flow but also the data
for a uniform flow that are presented in Fig. 2. Therefore, advantages of Eq. (30) over Eq. (7) can be relied
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Fig. 3. Comparison of calculated results for components by, by, and b,
of the tensor of anisotropy of Reynolds stresses with data for a'developed
channel tlow: 1) calculation by Eqgs. (31)-(33); 2) calculation by the equa-
tions of [5]; 3) K—¢ model; 4) DNS data of [18].

on. A definitive conclusion as to the capabilities of Eq. (30) will permit wider testing of it using data for
various flows.

Developed Channel Flow. In [18], results of a direct numerical simulation of the nonstationary
Navier—Stokes equations for a developed channel flow are presented. They were employed in [8-10] for mod-
eling unknown correlations in Egs. (12) and (13). We use these data for testing the turbulence models consid-
ered. For a developed channel flow, £—K2—DD—}’,'1z0, D;,#0, and D;z0. With allowance for these relations, the

initial equation for the components of the stress tensor takes the form
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For relation (34) in a Cartesian coordinate system there is a corresponding system of nonlinear algebraic equa-
tions for the components of the tensor of anisotropy of the Reynolds stresses. It was solved using the values
of the dissipation and diffusion terms from [18]. Figure 3 shows a comparison of results of solving the system
of algebraic equations with data of [{8]. The points in the figure show data of a direct numerical simulation
that were published in [18]. The same figure presents results of calculations using the K—¢ model, the quasi-
1sotropic turbulence model (6)-(11), and the anisotropic turbulence model of the second order. In the calcula-
tions based on the K-¢ model, the wall function had the form [2]

fu=l-exp[=6- 107" —4. 107" v +25 100" ~4- 107 @Y.

It should be noted that good agreement between the locally anisotropic model and the DNS data is explained
mainly by the fact that unknown correlations in the equation for the Reynolds stresses were modeled based on
exactly these data. It is seen from the figure that the quasi-isotropic turbulence model and the K—¢ turbulence
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model describe both the normal components of the tensor of anisotropy of the Reynolds stresses and the tan-
gential component of this tensor inadequately.

Discussion. Three turbulence models have been compared with available data. The models were tested
using experimental data and data of a direct numerical simulation of a developed channel flow and a uniform
flow with a constant velocity shift. Let us examine the main findings of testing for each of the models consid-
ered.

The best-known and most commonly used turbulence model is the K—€ model. It suggests that the tur-
bulence anisotropy is equal to zero in all cases. The tangential component of the Reynolds stresses is deter-
mined using the notion of the coefficient of turbulent viscosity, whose magnitude is assumed from
considerations of dimension to be proportional to the square of the turbulent kinetic energy and inversely pro-
portional to the dissipation rate of the turbulent energy. The proportionality factor was selected so as to obtain
the best agreement between the calculated results for the averaged characteristics and the available experimen-
tal data for a number of flows. Here, the task of describing accurately the turbulent characteristics of the flow
was not undertaken. A comparison of the data for a uniform flow with a constant velocity shift with the cal-
culations using the K—¢ model revealed that the model permits determination, with an acceptable degree of
accuracy, of the tangential component of the Reynolds stress at small magnitudes of the normalized velocity
gradient, i.e., for X; <5. At large magnitudes of the velocity gradient, the error becomes inadmissibly large.
For a boundary-layer flow, the calculations show better agreement with the DNS data. However, an appropriate
empirical wall function that ensures this agreement must be used here. Thus, the K—¢ model cannot be recog-
nized as adequate even for the two simple flows examined. This is attributable to the fact that the desire to
obtain a relatively simple turbulence model has led to neglect of mechanisms essential to turbulence in con-
structing the K—¢ model.

Unlike the K—e model, the quasi-isotropic model is based on exact balance equations for the compo-
nents of the tensor of Reynolds stresses and in this sense is fairly well justified on condition that the dissipa-
tion, diffusion, and energy redistribution between the components of the tensor of Reynolds stresses are
described to sufficient accuracy. Detailed investigations |8-10] showed that the approximations for the enumer-
ated correlations that are used in the quasi-isotropic model do not satisfy the above condition. This is explained
by two reasons. First, the developers of the model sought to obtain the simplest possible approximations which
would be convenient to use in subsequent numerical calculations. Second, in the years when the quasi-isotropic
model was developed, there were no sufficiently detailed and reliable data for the correlation of the pressure
and the strain rate or for the components of the tensor of the dissipation rate.

The results presented in the current work indicate major disadvantages of the quasi-isotropic model.
The greater the velocity gradient and, correspondingly, the turbulence anisotropy, the less accurately does the
model describe the data for a uniform flow with a constant velocity shift. The accuracy in describing a devel-
oped channel flow cannot be recognized as satisfactory either. It should be noted that in the current work we
determined the Reynolds stresses by solving a complete nonlinear system of equations. In many published nu-
merical calculations, a simpler algebraic modification of the quasi-isotropic model is usually employed. In this
case, for calculated results to be in favorable agreement with experimental data, matching via empirical coeffi-
cients is frequently used or physically ill-founded empirical functions are introduced. Such an approach cannot
be recognized as acceptable, if one seeks to devise a method of solution of turbulence problems rather than
describe a specific flow.

The considered complete locally anisotropic turbulence model of the second order was obtained by
modeling each of the unknown correlations in exact equations for the tensor of the Reynolds stress and the
tensor of the dissipation rate. This approach yielded modeling relations that describe to good accuracy the be-
havior of the above correlations in flows with a high degree of turbulence anisotropy. Specifically, the approxi-
mations obtained correctly describe the behavior of the unknown correlations at all points of the boundary
layer, including the immediate vicinity of the wall.

A comparison of the calculated results with the available data for a uniform flow and a channel flow
demonstrated that the model adequately describes the distributions of all the components of the stress tensor

327



and the dynamics of the variation in the dissipation rate. Here, a single system of equations is employed for
the external and internal parts of the boundary layer, and no additional empirical coefficients are introduced.
The latter result must be discussed in more detail. Previously, in numerical calculations, one or another turbu-
lence model was used for calculating just the external (turbulent) part of the boundary layer. The laminar
sublayer and the transition region of the boundary layer were described using empirical relations. In this case,
"joining" of these layers had to be carried out. Similar problems arose in calculations of flows with a strong
anisotropy of the puisatory motion.

As a substantial disadvantage of the model, we can note the complexity of the approximations for the
correlation that determines the energy redistribution between the components of the tensor of the Reynolds
stresses and the need to solve additional equations for the components of the tensor of the dissipation rate. In
this connection, the question of what justifies the substantial complication of the initial equations can be
brought up. The following reasoning can be produced to answer it.

To date, hundreds of works have been published that employed the K—& model or modifications of the
quasi-isotropic turbulence model. These investigations demonstrated that a single system of equations and a
single system of empirical coefficients do not work in describing tlows of different types. In other words, the
use of relatively simple approximations for unknown correlations does not permit the development of a fairly
universal turbulence model. A probable reason for this result is that the nonlinear interactions of turbulent vor-
tices cannot be described with the aid of simple linear relations. Therefore, the complexity of the approxima-
tion by itself should raise no objections, if it describes correctly the dissipation process or the process of
energy redistribution in the equation for the Reynolds stresses. Another aspect of this problem is that presently
the complexity of the equations is not a serious obstacle to performing one or another numerical calculation.

In conclusion it should be noted that the proposed locally anisotropic turbulence model was tested for
just two relatively simple flows. It will be possible to draw valid conclusions about the capabilities and disad-
vantages of the model after wider tests, including a series of numerical calculations of various flows.

NOTATION
D ) . . . . . . .
o §+ Uy a—; Uy, averaged velocity; R;; = {uu;), single-point correlation of velocity pulsations; K
v ' ‘
= R;/2, turbulent kinetic energy; P, = —R;U,;, generation of turbulent energy; £ = Wu; u; ), dissipation rate

of Reynolds stresses; r, time; u;, velocity pulsation; p, density; v, kinematic viscosity; v,, coetficient of turbu-
lent viscosity; §;;, Kronecker symbol; angular brackets denote averaging; comma in front of a subscript denotes
differentiation; fy, f1, f>, E, and D, empirical wall functions; Fj; = ({fu)) + {fu;))/p, term of generation of tur-
bulent energy due to the action of the external force; P;; = —(RyU;+ + R;;U;z), generation of Reynolds stresses
by the average-velocity gradient; ®; = (p(u;;+ u;;))/p, correlation determining energy redistribution between
components R;; €; = V(u;xu; ), tensor of dissipation rate; Dy; = —[{uutug) + ({Pupdj + (puddip) — Vuju) 114, dif-
fusion term; f;, p, pulsations of the external force and the pressure, respectively. Correlations entering the equa-
tion for the tensor of the dissipation rate: Fie);; = V({uiifi) + Cuiafi )P, Penyij = —(€aUjx +€1Uix), Peayij =

VU o ittt ) + tligtti )y Pieayiy = =2V gttt )y Pienyj = VU tedU g + WUjsttndUi i) Y

=2Vt ot s ey = _§(<U_/‘J\'P.ik> +Uiap i) Deyij = VEijur Tierij = —Vtti gt mitymy) — €iji) 45 B, coefficient of
volume expansion; g;, acceleration due to gravity; &g, dissipation term in the equation for the density of the
turbulent heat flux; T, temperature pulsation; dj; = %—%8{,-, degree of anisotropy of dissipation processes; b,
tensor of anisotropy of Reynolds stresses; /1, 1115, and F), scalar invariants determining the degree of anisot-

ropy of pulsatory motion: I/, = —bybyi/2, Iy = bybrmbmi/3, Fy = 1+, + 27y, b7 = biybyg b = bibgmbmg:

328



I, I, and F, scalar invariants determining the degree of anisotropy of dissipation processes: [[; =

—dydyi/2, Ul = dydidni/3, Fg = 1 +91,+ 27115, X, = %(S,]-S,-j)”:, normalized velocity gradient; Yt = yiy/V,

dimensionless distance from the wall; u; = (VU wa' U y wa. averaged-velocity gradient on the wall. The

subscripts » and d indicate the way of defining scalar invariants.
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